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COMPACT EMBEDDING DERIVATIVES OF HARDY SPACES 
INTO LEBESGUE SPACES 

JOSE ANGEL PELAEZ 


Abstract. We characterize the positive Borel measures such that the differ¬ 
entiation operator of order n G N U {0} is compact from the Hardy space 
into 0 < p,q < oo. 


1. Introduction 


Let D denote the open unit disk of the complex plane and let T denote the unit 
circle. Also, let 0 < p < oo denote the standard Hardy space of analytic 
functions in D. 

The aim of this paper is to characterize the positive Borel measures /r on the 
unit disc B such that the differentiation operator is compact from 

ifP into n G N U {0} and 0 < p, < oo. 

The analogous problem for the standard Bergman spaces Aq has been solved 
[9, 11, 14], The formula ||/|Up x YTjZl l/^^Ho)l + implies that for 

these spaces the question of when the differentiation operator from Aq into 
L'?(/i) is bounded or compact, can be answered once the case n = 0 is solved. 
However, this method does not work for Hardy spaces, because such a Littlewood- 
Paley formula does not exist for p 7 ^ 2. Nevertheless, an equivalent R^-norm in 
terms of the nth derivative can be given by using the square functions 

\ 1/2 


Sa,nf{C) = 





where ro-(C) = {-s G B : | arg Q — arg z| < cr (1 — |z|)} denotes the Stolz angle (lens 
type region) with vertex at C € T and aperture cr > 0. Precisely, for 0 < p < 00 
[ 1 , 8 ] 
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Here and throughout in what follows m denotes the arclength measure on T. In 
view of ( 1 . 1 ) and the characterization through the non-tangential maximal 
function, it is natural that Luecking [10, 11] employed tent spaces to describe the 
positive Borel measures such that : HP is bounded. It is worth 

noticing that Coifman, Meyer and Stein [ 6 ] introduced the theory of tent spaces in 
an harmonic analysis context. It was further extended by Cohn and Verbitsky [4] 
and has become a very useful tool in operator theory on Hardy spaces [4, 5]. 

Let us now recall some definitions that will enable to state the solution to the 
primary question of this paper. Let us write r]^/ 2 (C) = r(C) for short, and for 
each z G B let be /(z) = {C G TT : z G r(C)} the related interval. The Carleson 
square S{I) based on an interval / C T is the set S{I) = {re** G D : e** G 
L, 1 — |L| < r < 1}, where \E\ denotes the Lebesgue measure of Li C T. 

If j/j < j the tent T(/) is the open subset of B bounded by the arc I C T 
and two straight lines through the endpoints of I forming with I an angle of 
j. If |/| > we set T{I) = ^jci,\J\<i'^{J) U {0}. For each a G B, let be 
S{a) = S{I{a)) and T{a) = T(/(a)). ’ 

For 0 < q < oo and a positive Borel measure zz on B, finite on compact sets, 
denote H^,,y(/)(C) “ ^r{c) \f{z)\‘>du{z) and Aoo,u{f){C) = z^-esssup^ Gr(c) l/(^)l- 
For 0 < p < oo, 0 < g < oo the tent space Tq{u) consists of the z/-equivalence 
classes of z/-measurable functions / such that ||/|| 7 ’P(i,) = ||^ij,!^(/)||LP(T,m) is 
finite. For 0 < (7 < oo, define 

ClM)iC)= sup [ |/(z)|^(l - |z|)(iz/(z), CeT. 

a€r(C) b(®)l JTia) 

A quasi-norm in the tent space T^{u) is defined by ||/|| = \\cUf)\\ 

The following result gives a description of the dual of Tq{v) [ 6 , 10]. We also 
refer to [13, Theorem 4] where an analogue was proved for a family of weighted 
tent spaces on the unit disc. 

Theorem A. Let 1 < p,q < 00 with p + q ^ 2 and let u be a positive Borel mea¬ 
sure on B, finite on compact sets o/B. Then the dual ofTq{v) can he identified 
with T^, (z/) (up to an equivalence of norms) under the pairing 

{f^9)T^(u) = [ f{z)g{z){l-\z\)du{z). 

Jo 

For the sake of completeness, and because it is a key to describe those positive 
Borel measures such that ; HP —)■ L'^(p) is compact, we shall prove in Section 
2 that each g G T^, {u) induces a bounded linear functional on Tq{u). In the proof 
for p = 1 , a stopping time involving Aqy{f) and Cq^y{f) is a fundamental step. 
Let A{a,r) and D{a,r) respectively denote the pseudohyperbolic and Euclidean 
discs of center a and radius r. Our main result is the following. 

Theorem 1. Let 0 < p,q < 00, n G N and p be a positive Borel measure on B. 
Further, let dh{z) = dA{z)/{l — |z]^)^ denote the hyperbolic measure. 
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(a) If P > q, D(^'> : HP is compact if and only if, for any fixed 


r G (0,1), the funetion 

= 


hi^{z,r)) 

(1 - \z\y+i^'' 


z G 


satisfies that 

V 

(h), if q< min{2,p}; 

1 ^ dAjz) _ 


(i) G TV 

2-9 


(ii) ^iqif = 0, if q = P<2; 

p 

(iii) (sup^er(c)\TV^ dm{C) = 0,if2<q<p. 


(b) If either q > p or 2 < q = p, the following conditions are equivalent: 

(i) : HP L^{p) is compact; 

(ii) limu|_^i- —— = 0 ; 

(iii) lim|,,|^i- = 0 for any fixed r G (0,1). 


As for n = 0, Id '■ HP —> L‘^{p) is compact if and only if limu|_^;^- = Q, 

(i-l^l)p 

whenever 0 < p < g < oo [3]. In the previous condition p {S{z)) may be replaced 
by p (A(z, r)) if p < g. In the triangular case 0 < q < p < oo, Id '■ HP —)■ H{p) is 
bounded if and only the function -B^(C) = /r(^) belongs to Lp^{T,m) [10]. 
For this last range of values it is probably known, at least to experts working on 
the field, that Id ■ HP L^{p) is compact if and only it is bounded. Since we 
were not able to find a proof in the existing literature, we include a proof here. 


Theorem 2. Let t) < q < p < oo and let p be a positive Borel measure on D. 
Then the following conditions are equivalent: 

(i) Id ■ HP —)■ L^{p) is eompaet; 

(ii) Id : HP —)■ L‘^{p) is bounded; 

(iii) The funetion T^(C) = Jr{C) Lp-i {T,m). 

Throughout the paper ^ -|- ^ = 1. Further, the letter C = C{-) will denote 
an absolute constant whose value depends on the parameters indicated in the 
parenthesis, and may change from one occurrence to another. We will use the 
notation a < 6 if there exists a constant C = C'(') > 0 such that a < Cb, and 
a > 6 is understood in an analogous manner. In particular, if a < 6 and a > b, 
then we will write a ^ b. 


2. Preliminary results 


Proposition B. Let 1 < p,q < oo with p + q ^ 2 and let n be a positive Borel 
measure on D, finite on eompaet sets o/B. Then, there exists a positive eonstant 
C sueh that 


{f^9)T^{u) ^ C*!I/Ilr|’(i/) 11511V 
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for any f G T^{n) and g G T^, (u). 

Proof. If 1 < p,q < oo, then Fubini’s theorem and two applications of Holder’s 
inequality give 


( 2 . 1 ) \{f,9)Tiiu)\ < J^^q,u{f)iC)Ag>^u{9)iC) dm{C) = II/IItIM 

If g = 1 and 1 < p < oo, then Holder’s inequality yields 

(2.2) \{f,9)Tiiu) \ < A f )i0^oc> A9)iC) dm{C) = ll/llrf H IlS'll^r^ 

Let now p = 1 and 1 < g < oo. For C G T and 0 < h < oo, let 


r'^(C) = r(C)\ii(o, 

and 


1 


I + h 


1 — \z\ 

= <, z G D : I arg z — arg C| < —r —- < 


H' 


M' 


h 


2(1 + h) 


/pMC) 


\g{zA du{z), CgT. 


For every g G T^{n) and C ^ IT, define the stopping time by 

HC) = sup {h : Ag>^^{g\h){C) < CiCg>A9){C)} , 

where Ci > 0 is a large constant to be determined later. Assume for a moment 
that there exists a constant (72 > 0 such that 

(2.3) f k{z){l — \z\) dn{z) < C 2 [if k{z)di'{z)\ dm{C,) 

Jb Jt \Jtho{c) J 

for all j^-measurable non-negative functions k. Then, applying Holder’s inequality 

\{f,9)Tiiu)\<C2 [ ( [ \f{z)\\g{z)\dn{z)\ dm{C) 

Jt \7rMc)(c) / 


(2.4) 


/r'*(0(c) 

<C,C2 [ A,,,(/)(C)Q,,(p)(C)dm(C) 
Jt 


Now let us prove (2.3). Fubini’s theorem yields 

[if k{z)di'{z) \ dm{C) = [ \{I{z) H H{z)\k{z) di'{z), 
Jt \4r'*(0(c) / Jo 

where H{z) = {( < | 2 :|}, so it suffices to show that 

(2.5) 


|(J(z)ng(z)U 1 

\Iiz)\ - C 2 


for all z G D. We will prove this only for z close enough to the boundary 
T, the proof for other values of 2 : follows from this reasoning with appropriate 
modifications. For | 2 :| > 1 — set z' = {1 — n(l — | 2 :|)) 2 ;/| 2 ;| and x = — 
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1, where n is a natural number > 2 chosen such that I{z) PI I{u) = 0 if tt ^ 
T{z') U \D{0, l-zD^ This together with Fubini’s theorem gives 


m\ 


<I(z) \Jv-iO 


\g{u)\‘^ du{u) dm{C) 


( 2 . 6 ) 


I J {|2:|<|n|<l} 


\I{z)rM{u)MuW diz{u) 


< 


\I{z)nI{u)\\giuW diz{u) 


< 


\d{z)\ Jt{z') 

[ \g{u)f {I - \u\) du{u) < C 3 inf C^,^{g){v), 
\^{Z )\ Jt{z') vei{z) ’ 


where the last inequality is valid because 

1 r 


1 


TTrTu / \ 9 iuW (1 - \u\) du{u) < sup —^ 
\d{z')\ Jt{z') a&r{v) b(a)l 


'T(a) 


laiuW (1 - luDdiyin) 


for all V G I{z). Denote E{z) = T \ H{z) = {C G T : (1 + h{C))\z\ < 1}. By 
the dehnition of h{C) and ( 2 . 6 ), and by choosing Ci sufficiently large so that 
Cl > 2 C 3 , we deduce 

^t'Ad\x){C) 


\I{z)nE{z)\< 


< 


hiz) cfc'J,(i/)(C) 

1 


dm{C) 


I /- / ui 9 \x){C) dm{C) 


Therefore, 




\i{z)nE{z)\ \i{z)nE{z)\ ^ 1 


\Iiz)\ 

and the inequality (2.5) follows 


in^)l 


- 2 ’ 


Ul > 1- 


n 


□ 


The reverse implication of Theorem A [11] can be proved by using geomet¬ 
ric ideas, the boundedness of maximal functions and interpolation theorems on 
L^L‘^{u,m) due to Benedek and Panzone [2]. 

The analogue of the following result on MC x (0, 00 ) was proved in [11, Propo¬ 
sition 1 ]. See also [13, Lemma 4]. 


Lemma C. Let 0 < p < 00 and let n be a positive Borel measure on B, finite on 
compact sets. Then there exists Aq = Ao(p) > 1 such that 

( X \ P 

X ( |1 -^z| ) dm{C) + iy{{0}) 

for each A > Aq. 
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We defined the tent space Tq{u) by using the lenses r((^). Different types 
of non-tangential approach regions could be used and they would induce the 
same spaces. In particular, the proof of Lemma C shows that we may replace 
r(C) by rfj(C) for any a G (0,vr) in (2.7), and consequently the space Tq{u) 
is independent of the aperture of the lens appearing in the definition, and the 
quasi-norms obtained for different lenses are equivalent. 

Recall that Z = C B is called a separated sequence if it is separated 

in the pseudohyperbolic metric, it is an e-net if D = IJ^o ■,£)■, and finally it 
is a (5-lattice if it is a 5(5-net and separated with constant 7 = (5/5. If < 52 ^,, 

then we write Tq{v) = Tq{{zk])- The next result [11, Theorem 2] (see also [13, 
Lemma 6 ]) plays an essential role in the proof of Theorem 1 (a). 

Lemma D. Let 0 < p < 00 and let {zk] he a separated sequence. Define 
Sx{f){z) = f{zk) ( 7 —!^) , z(^n. 

^ \i ZkZ J 

Then S\ : is bounded for all A > Aq, where Aq = Ao(p) > 1 is 

that of Lemma C. 

We shall also use the following inequality. Here and on the following A denotes 
the Laplacian. 

Lemma 3. Lf q > 2 and 0 < r < 1 there is a constant C{q,r) > 0 such that 

(2.8) \f'izWil-\z\‘^r<Ciq,r) [ A|/|dC)d7l(C), z G B. 

J A(2,'r) 

Proof. Let r G (0,1) be fixed. The classical Hardy-Stein-Spencer identity ||/|||^9 = 
1/(0)!'^ + I /d ^l/(^)l'^ fog dA{z) and the fact that the Laplacian A|/|'^ is sub¬ 
harmonic when q > 2 give 

i/'mr < (11/117 - i/(o)p)* < [1/117 - i/(o)r < 11/117 - i/(o)i’ 

= 1 / A|/|''( 2 )logT<i/l( 2 ) <Cta) / A\mz)(l-\z\)dA{z). 
z Jo \z\ Jo 

An application of this inequality to the function f{rz) gives 

\f'iOW<C{q,r) [ A|/|ddfl--l dAiz). 

JA{0,r) \ f J 

Replace now / by / o to obtain 

|/'(dldl - \z\^y < C{q,r) [ A|/|dC) dAiO 

J A( 2 :,r) \ T J 

<C{q,r) [ A|/|dC)d^(C), 

J A{z,r) 


□ 
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3. Proof of main results 
We begin with proving Theorem 1(a). 


Theorem 4. Let 0 < q < p < oo, n G N and let p be a positive Borel measure 
on D. Then : HP —> L'^{p) is eompaet if and only if, for any fixed r G (0,1), 
the function 




h{Mz,r)) 
(1 - \z\y+i^ 


satisfies that 

(i) G (h), if q < mm{2,p}; 

2-q 

(ii) ^^ = Q,ifq = p< 2 ; 

p 

(hi) lim^^i- /.j, (sup^gr(c)\D(o:Ry^/^(^)) = 0, if 2<q <p. 

Proof. Recall the known estimate [9, Lemma 2.1] 


(3.1) < 


(1 - |z|)2+-* 


\f{0\^dA{0, zgd, s>0. 


Then, the above inequality and Fubini’s theorem give 

/„ (1 - |.|)U-.), I,.,, 

(3.2) X 

= [ [l/'(w')l(l - 

Jo 

Let {fk}'^=i such that sup;. ||/a:||/ 7 p < oo. Then, there is subsequence 
which converges uniformly on compact subsets of B to an analytic function /. 
Let denote gk = - /, Gk{w) = WkiwWi'^ - kl)*^ and dhn = dhx{R<\z\<i}, 

0 < R < 1. Now, we shall show that conditions (i)-(iii) are sufficient. 

p 

(i). Fix e > 0. Since G (h), by the dominated convergence theorem 
there is Rq such that 


sup 11$^ 


T^Pihu) 


<sT 
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Next, choose /cq with \gk{z)\ < e for any k > ko and \z\ < Rq. Then, bearing in 

mind (3.2) and (2.1) and the inequality ||Gfc|| e < IlilfcllFfp (see (1.1)) 

(h) 

Q 


\k 


W|l<? < 


[ {1 - \w\f^f,{w)\I{w)\dh{w) 

J |to|<i?o 

+ [ Gk{w)^f,{w)\I{w)\dhR^{w) 

Jo 

= e'^((l - + (Gfc, 

<e'?||(l-|u;)''|| I \\^J + ||Gfc|| | J|<1>^1| 

T)^lih) T^(h) T)ll{ha^) 


< F<i 


( 

V iir"^ 


+ \\9k\\ 


g 

HP 


(I) 


< pT 


So is compact. This together with [10, Theorem l(i)] 

proves (i). 

(ii). An standard argument (see [3, Theorem 3.4] for details) gives that 
limi^l^i- |4>^(z)|(i^) (1 - Izj) dh{z) = 0 if and only if 

liin_sup—^ [ |4>^(2 ;)|(p) (1 - \z\) dhniz) = liin_ = 0. 

aeD b(®)l JT{a) R—>-l (|) 

So fixed e > 0, there is Rq such that 


I (1 - \z\)dhR{z) = sup ,(/!«) < 

a&,R>Ro JT{a) R>Ro (|) 

Let ko be such that sup;i.>;i.i^ l<7fc('2)| < £• Then, by (3.2), (2.4) and (1.1) 


\\9^k'^\\LP(p) ~ + i^k,^fj.)T^ihno) 

<£^11(1 - |u;)^||-rl (/i)||‘^/i||T“ + I|Ga:||t 1 (^)ll^/i|lT” y(/iflo) 

< (/i) + IkkW^Hp) ~ 

(I) 


which implies that Hi”) : —?> RP^g) is compact. 
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(iii). Let us observe that (2.8) and Fubini’s theorem give 


\\\Gk\\K_ = [ 

T/ (h) Jt 





\9kiwWi'^ - \w\ydh{w) dm{C) 


Algkl'^iz) dA{z) dh{w) dm{C) 


/r(C) JA{w,r) 

\ ? 

[ A\gk\'‘{z)dA{z)] dm{C) 

'r'(C) / 


where r'((^) = {z : r(C) H A{z,r) / 0}. Using Lemma C and a result by 

Calderon [12, Theorem 1.3], we get Gk G Ti (h) with ||Gfc|| e < ||( 7 fc||f^p. 

(h) 

From now on, the proof is analogous to both previous cases, so it will be omitted. 


Reciprocally, assume that —)■ L'^(/i) is compact. Let {zk} be a 

5-lattice such that 7 ^ 0 for all k and let CT^{{zk}) = {/ G T^{{zk}) '■ 

ll/llTf({zfc}) = !}• each R G [0,1) and A > Aq (Aq is that of Lemma D) 

consider the operator 



z G B. 


Let us observe that 5 a, o(/) = 5a(/). By Lemma D, there exists C > 0 such that 


||5a,r(/)||//p < C'll/llrid^^}), for each R G [0,1) . 


So by the assumption the closure of the set o S\ ,H(CT''({ 2 U))}„e[ 0 . 1 ) is 

compact in So, fixed e > 0, standard arguments assert that there is p such 


that 

(3.3) 


P <| 2|<1 


\DG)oSx,R{f){z)\‘idp{z)<e‘i 


for any R G [0,1) and / G CT 2 ({z^}). 
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Since {zk\ is separated and A > 1, there is Rq such that for any R > i?o 
— \zk\)^ < Joining this with Lemma C, we get 

\D^^KSx,R{f)iz)\<C{p,n) ^ |/(zfc)|(l-|zfc|)" 


|2fc|>_R 


<Cp{ Y1 \fizk)\\l-\zk\)^\ e 

Azk\>R 


< 


C{p,n)ei^ IE \f{zk)? 


1 - \zk\ 


1 - ZkC, 


A\ 2 


<C(p,n)6|Jj;|/(z,)|2(l-^) j dm{0 


< C'(/),n)e||/||^p^^^^j^, for any |z| < p and ii > Rq, 
which together with (3.3) gives that 

(3.4) IpW o 5A,ij(/)||M(^) < ell/llTKK}), for all i? > iio and / G T^{{zk}). 
That is 


\zk\>R 


( 1 -kiy 


{l-ZkzY+^ 




for all R > Rq and / G T^dzk})- Replace now f{zk) by f{zk)rk{t), where 
denotes the kth Rademacher function, and integrate with respect to t to obtain 

^ I® 

(i-NiP 


X] A*!:) 


\zk\>R 


il-Zkzy+^ 


rk{t) 




from which Fubini’s theorem and an application of Khinchine’s inequality yield 


I = 


1 — ZkZ 

J2fcl>-R 


2A+2n 




Now, for any fixed r G (0,1), 




\\zk\>R 




> 


E (lA"»)l 

\zj\>R ^ 

l/(^i)l'' 

\zj\>R 


2 ( 1 -kil) 


2A 


(l-kjl) 


(1 - |zj|)2A+2n 

fi{A{zj,r)), 


- ZkZ\'^^+‘^'^‘ 


p{A{zj,r)) 


dp{z) 


qn 
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and hence 


E 


-AA{zi,r)) 


|>_R 


( 1 -k.l) 


qn' 


E (1 - i%i) s 


\zj\>R 


(3.5) 


= £5 




/ \ 2 ^ 
Y1 \f(^k)\A ^"^(0 


v 2 fcer(c) 


/ 



\ 


dm{() 


E (i/(^t)r) 

\^' ■ \ \«er(() , I j 

(ii) If g = p < 2, then s = | = 1 and p = 2/p > 1, so by Theorem A 
(r/({zfc}))* ~ T/f ({zfc}) with equivalence of norms. Therefore (3.5) yields 

1 


aeD D(a)l 


E 

Zk&T{a),\zi,\>R 


(1 - Izkiy+P'^) I ~ 


for all R> Rq. The above inequality is a discrete version of, 

1 r 


sup 


2 )' dA{z) 


So, lim 


aeE>,R>Ro |-^(a)l yT(a)n{R<h|<l} 

SUPaeD PM /T(a)n{R<|d<l} = 0 > ^^ich i 


, mn^^l- 


alent to lim|„|^i- ^^ = 0 . 


IS equiv- 


(iii) If 2 < g < p, then s = | > I and u = - < 1, and hence [10, Proposition 3] 
yields 

p 

[ ( sup ) " ' <i™(C) < S", for all R > Ro. 

from which the assertion follows. The case g = 2 is proved similarly by using 
Theorem A instead of [10, Proposition 3]. This finishes the proof. □ 

Now we deal with the second part of Theorem 1(b). 


Theorem 5. Let either 0 < p < q < oo or 2<p = q<oo and n G N, and let p 
be a positive Borel measure on B. Then the following conditions are equivalent: 


(i) : HP —^ T^(/u) is compact; 


(ii) limpi^i- 
(iii) limpi^i- 


v{S{z)) 


{i-\z\r+i^ 

uiMz,r)) 


= 0 ; 

= 0 for any fixed r G ( 0 , 1 ). 
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Proof. A proof of (i)^(ii) (and (i)=^(iii)) can be obtained by using the test func¬ 
tions fa{z) = ^ ) , o G I®, and a regular reasoning. So it is omitted. 

It is enough to prove (iii)=^(i). We shall split the proof in two cases. 

Case 0 < p < q < oo. The argument follows ideas from the proof of [9, The¬ 
orem 3.1]. Let r G (0,1) be fixed, choose s G {p, q) and denote 

dp*{C) = il-\C\fr-^dA{C), CgB. 


Let such that sup^i. H/fcll/jp < oo. Then, there is subsequence {/nj,}^i 

which converges uniformly on compact subsets of B to to an analytic function /. 
Let denote gk = fn^ ~ /• Fix e > 0, by hypothesis there is p such that 


(1 - 


if /9 < l^l < 1 . 


On the other hand, there is fco such that \gk{z)\ < e for any k > ko and \z\ < p. 
So, bearing in mind (3.1) and Minkowski’s inequality in continuous form 


lb, 




< 




bfc(C)N^(C) dp{z) 


< 


< 


f (M(A(C,r)))t 

Jk\<p (1-ICI)"* 


dMo) +e«[/ 


P<ICI<1 


MC^dp^C) 


< r? //* 


p*(\D))s -I- Ibfclbsj-^* 


) ■ 


Next, since /U*(5(a)) < (1 - |a|)p for a G B, by [7, Theorem 9.4] |bfc||i,-(M*) < 
IbfclljJP; which together with the above inequalities implies that : HP — 

L'?(/i) is compact. 

Case q = p > 2. By (3.1), (2.8) and Fubini’s theorem 


II/' 


n)\\P < 

LV(pi) 


1 


< 


< 

rs-/ 


(1 - \z\yHn-l)p 

1 f f ( . 


(1 - |Z|)2+-P \JaHs) 

(1 - bl)"^ {Iam 

A\f\P{u 


\nC)\PdAiC)j dp{z) 
A\f\P{n)dA{n)^ 
A|/b(u)(iA(u)^ dp{z) 


(1 - \u\)^P 


p{A{u, r)) dA{u), 


dA{C) dp{z) 
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where p,s (z (0,1) are chosen sufficiently small depending only on r. Putting 
together this inequality with the Hardy-Stein-Spencer identity ||/||^p = l/( 0 )|P + 


tiiio vvitii tiio j-j-cxi u-j-kJ \\jjp — \J V'-'/l 

^ Jp A\f{z)\P log dA{z) , the proof can be finished as in the previous case. 

The following result contains Theorem 2. 

Theorem 6. Let 0 < g < p < oo and let p be a positive Borel measure on 
Then the following conditions are equivalent: 

(i) Id ■ HP —)■ L^{ii) is compact; 

(ii) Id : HP —)■ L^{ii) is bounded; 

(hi) The function 


□ 


^uiC) = 


1 - |z| 


dii{z) 


belongs to Lp-i {T,m) for all X > 0 large enough; 

(iv) The function B^{() = belongs to Lp-i {T,m); 

(v) For each 0 < r < 1, the function 

ld{A{z,r)) 


C ^ 


T(C) (1 - kl 


■ dA{z) 


belongs to Lp-i {T,m); 

(vi) M{p){z) = sup.^sia) e Li^(T,m). 

Proof. The equivalences {ii) ^ {Hi) ^ {iv) ^ {vi) follows from [10, Section D], 

Next, fixed 0 < r < 1, let us observe that for a positive measure u 

(3.6) 


1 - jzj 


dv{z) = 


1 -kl 


1 


7 dv{z) dA{u) 


A(«,r) V|1 - C^l/ I^(^T)I 

A 

iz{A{u,r)) dh{u), for all C G T. 


1 -lul 


1-Cii| 

So choosing du{z) = and applying Lemma C, we have that {iv) {v 
Finally, let us see {iv) (i). By hypothesis and (3.6) 

%(A(u,r)) ^ 

-^ dA{u) 1 dm{C) < oo. 


1 - kl 


|l-Cw|y (1-k 

Then, by dominated convergence theorem and (3.6), 

A 


0 = lim 


1 — [zj \ dp{z) 
Jt \J{R<\z\<i} \\l -Cz\J 1-k 

dii{z 


V 

p-q 


dm{() 


V 

p-q 


> lim / 
Jt 


T(c)\d(o,r) 


1 -UI 


dm{(f). 
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This together with the equivalence 11 /1 X /t (sup^Gr(c) l/(^)lj dm{C) [8] and 
standard arguments, yields that Id : —)■ is compact. □ 
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